Abstract. In this paper we show that at most 2 gcd(m, n) points can be placed with no three in a line on an m× n discrete torus. This limit is attained for infinitely many cases.
Introduction
The no-three-in-line problem originates from one of Dudeney's problem in [1] . The no-three-in-line problem is the problem of choosing a subset of points from n × n square array of points in the plane so that no three of the chosen points are collinear. We want to choose the subset of maximum size.
The obvious upper limit is 2n since one can put at most two points in each row. This limit is attained for many small cases, for details see [3] and [4] . In [6] the authors give a probabilistic argument to support the conjecture that for a large n this limit is unattainable.
As a lower bound, Erdös' construction (see [2] ) shows that for p prime one can select p points. In [7] it is shown, that for p prime one can select 3(p − 1) points from 2p × 2p grid.
In the literature we can find some extensions of the no-three-in-line problem, namely no-three-in-line on a torus (see [5] ) and no-three-in-line-in-3D (see [8] ).
In our article we cope with the no-three-in-line on a torus problem. We try to answer the following question:
How many points can be placed on an m × n discrete torus, such that no three points are in a line? The authors of [5] gave the answer in some special cases. In our work we give a general upper bound which is attained in infinitely many cases. Details are shown below.
Let m and n be positive integers greater than 1. By a discrete torus T m×n we mean Z m × Z n . We define lines on T m×n to be images of lines in the Z × Z under the covering projection π defined as follows
For convenience we also use notation
for any integers a and b.
We say that a set X ⊂ T m×n satisfies the no-three-in-line condition if there are no three collinear points in X. Let f (T m×n ) denote the size of the largest set X satisfying the no-three-in-line condition.
In our paper we will prove the following theorems.
2. The determinant criterion and its consequences
Recall the determinant criterion for checking whether points are in a line: 
Since m ≥ 2 and n ≥ 2, it follows that X ⊂ T m×n . It is easy to check that D(a, b, c) ∈ {−1, 1} for any a, b, c ∈ X. By Lemma 2.2, X satisfies the no-three-inline condition. Thus f (T m×n ) ≥ 4.
Proof. Let gcd(m, n) = 3. First, suppose that gcd(3m, n) = 9. Consequently m = 3l and n = 9k for some positive integer l, k. Let
Since m = 3l ≥ 3 and n = 9k ≥ 9, we have X ⊂ T m×n . Take any three points {a, b, c} from X. A straightforward calculation shows that either
We will show that neither {(0, 0), (1, 0), (2, 3)} nor {(0, 1), (1, 1), (2, 4)} are in line. This together with Lemma 2.2 shows that X satisfies the no-three-in-line condition and finishes the proof.
First we will show that three points (0, 0), (1, 0), (2, 3) are not in a line on T m×n . To do this, we will show that three points
We get
since M is an integer. Finally we will show that three points (0, 1), (1, 1), (2, 4) are not in line on T m×n . To do this, we will show that three points A ′ = (mα
Now, for gcd(m, 3n) = 9 the same argument as above shows that the set Y = {(0, 0), (0, 1), (1, 0), (1, 1), (3, 2), (4, 2)} satisfies the no-three-in-line condition.
The Chinese Remainder Theorem and its consequences
In this paper we will use the following form of the Chinese Remainder Theorem. (m, n) ). Moreover, the solution is unique modulo lcm(m, n).
Now we define diagonal lines on T m×n . For any integer s, let
The following theorem is a consequence of Chinese Remainder Theorem.
Theorem 3.2.
[see [9] ] Let (i, j) ∈ T m×n . The following holds:
Proof. (1) By Theorem 3.1 there exists an integer k such that
. In other words k 1 − k 2 is the solution of the following system
By Theorem 3.1 again, we see that [[s
The proof is similar to (1).
Let us define L
(1) Assume gcd(m, n) = gcd(3m, n) = 3. By Theorem 3.1 there exists an integer k 1 such that k 1 ≡ 3i (mod 3m),
It is easy to see that k 1 = 3k and we get 3k ≡ 3i (mod 3m),
Lemma 3.2. Let gcd(m, n) = 3 and (i, j) ∈ T m×n . If gcd(3m, n) = gcd(m, 3n) = 3, then 
Proof. Let X be a subset of T m×n satisfying the no-three-in-line condition. Suppose that |X| > 4. We may assume without loss of generality that (0, 0) ∈ X. By Lemma 3.2, |X| = 5 and The proof is then complete.
Proof of main results
Finally we can present the proofs of our main theorems.
Proof of Theorem 1.1. The Theorem follows from Theorem 3.2 (1) or Theorem 3.2 (2).
Proof of Theorem 1.2. We will prove each case separately.
(1) It is always true that f (T m×n ) ≥ 2. By Theorem 1.1 we get the statement. 
